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New three-dimensional discrete particle computer models for simulating
the flow behavior of granular solids are under development in the Granular
Flow project at LLNL. The first steps in developing these models have been an
examination of interparticulate force models and the construction of a two-
dimensional steady state shearing model to test both numerical methods and
diagnostic algorithms. The two orthogonal components of the contact force
acting between particles are modeled separately. A new position-dependent
inelastic normal-force model was reported last quarter, as well as calcula-
tions that verified the numerical methods and averaging techniques used in the
new two-dimensional steady-state shearing mode!. We report below the tan-
gential friction model and initial results from a calculational parameter
study of shearing flow in two-dimensions performed during the second guarter

of FY85.

Incrementally Slipping Friction Model

The tangential friction force model used in our calculations of colliding
particles is patterned after theoretical models for the friction forces acting
between elastic spheres in contact, [Mindlin, 1949] and [Mindlin and
Deresiewicz, 1953]. Mindlin's expression for the tangential compliance acting
during small displacements is based on the assumption that the approximate
Hertzian normal stress distribution over the circular area of contact is
unaffected by the tangential displacement. Tne main thrust of his theory is

that the outermost annulus of the circular area of contact between two spheres
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has very low normal stresses acting on it and will thus experience some
slipping for any amount of tangential displacement. The central region of the
contact circle, on the other hand, has higher normal stresses and initially
experiences an elastic shear deformation before beginning to slip. The radius
of the boundary between the slipping annulus and the non-slipping central
circle depends on the amount of the displacement. Upon reversal of the
direction of tangential motion, a new annular slip region starts at the outer
radius of the contact circle while the innermost circle merely unloads
elastically. Mindlin's theoretical analysis obtained by integrating over the
stressed area of contact reduces to relatively simple analytic expressions for

the effective incremental stiffness of a non-linear tangential spring, KT’

given by
_ T \1/z
Kr = Ky OV - 50 (1)
for the initial loading, and by
* 121,1/3
KT = KO (] “m) (2)

for subsequent unloading.

2(1=v') . initial tangential stiffness

where: KO = Kn ‘(-?_—\)-rr

K = effective normal stiffness at this normal load (depends
on radii of spheres, elastic constants and displacement in
the normal direction.

N = total normal force

u = coefficient of friction

T = Total tangential force
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= Pojsson's ratio for the material

T" = Tangential force at time of direction reversal

The incremental stiffness, KT’ given by equations (1) and (2) starts out at

a value of K0 and then monotonically decreases to zero with increasing dis-
placement as the total tangential force, T, approaches the friction 1imit, uN.
Mindlin's theory further predicts that subsequent reloading would have an
incremental stiffness, K;* , and a following unioading would have a

. *xk
stiffness, KT given by,

_ T-
Kpo = K (- o) (3)
*x%k % - T***_T1/3
Ky = Ky OV - ) (4)

where T** and T*** are the minimum value of T before reloading and the

maximum value of T before second unloading, respectively. In order to exactly

implement Mindlin's friction expressions in our computer model, we would need
* *k *kk

to store the value of each successive turning point, T , T , T ...etc.

If two particles remain in contact with an oscillating tangential displace-

ment, such a scheme could require large quantities of computer memory and

complex bookkeeping Togic. We have, insteaa, emplioyed functions that

approximate the expressions of Mindlin (they can correspond exactly to

Mindlin's for initial loading and for the first part of the first tangential

unloading). Our expression for KT is given by

*
¢ (1= 22" for srip i direction (T i i
o - =) for slip in one direction (T increasing)
K= uN-T (5)
.
T=74Y
K, (- - for slip in the other direction (T decreasing)

uN+T
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where T* is initially zero and is subsequently set to the value of total
tangential force, T, at the point where the relative tangential slip reverses
direction, and y is a constant nominally set tc 1/3 but with other non-
negative values allowed. If the normal force changes then the value of ™
in the above expressions is scaled in proportion to the change in the normal
force, N.

On each explicit time step of our finite difference calculation a new
tangential force, T', is calculated incrementally from the old value of the
tangential force, T, the effective tangential stiffness, KT’ and the amount
of relative surface displacement between the contacting particles, AS, by
the expression

T' = T+ Ky 8S (6)
with K; given by equation (5). Thus, in order to calculate the total
tangential force acting between each pair of particles, we need to keep only
two quantities, T and T* from one time step to the next.

Figure 1 shows the tangential force vs. tangential displacement as
generated by equations (5) and (6) for a series of ever increasing amplitude
oscillations of the relative tangential surface displacement, S, with a
constant normal force, N, and an exponent y = 1/3. If the exponent, vy, is
set to zero this model will become a linear tangential spring with stiffness
Ky = KO acting up to the friction limit, uN. If the exponent is made
larger than 1/3 the deviation from the initial slope occurs earlier and the
approach to the friction 1imit is more gradual than that shown in Figure 1.
Experimental measurements of initial displacements of frictional forces acting
between metals in contact (non-spherical bodies) produce force deflection
curves that are gualitatively quite similar to the model curve of Figure 1

[for example see Oden and Martins, 1984], but with a more gradual change
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in slope, as would be produced with a larger value for the exponent, vy, in
our model. Variation of the exponent, y, then allows us to approximate a
range of realistic tangential force vs. displacement behaviors with varying
degrees of hystereses and realistic tangential stiffnesses. We are currently
working on extensions of this model for contacts between three-dimensional
objects where the friction force and the tangential displacement are not

necessarily co-linear.

Initial Calculations of Steady State Shearing in Two-Dimensions

We are conducting a series of calculations on the shearing behavior of
two-dimensional granular solids consisting of assemblies of inelastic,
frictional disks. Periodic boundaries are employed on all four sides of the
primary calculational cell. The image cells above and below the primary cell
move to the right and left respectively creating a layered shearing
structure. Figure 2 shows the primary calculational cell and the nearest
moving periodic image cells, with one particle and its various periodic
images. Within the cell (and each image cell) a uniform shearing algorithm
[after Hoover 1982 and Hoover et al. 1980] is employed ostensively to insure
that the shearing field is uniform throughout the cell and does not come just
from the motion of the image cells. An extra force proportional to the strain
rate and a particle's y-velocity is applied to each particle in the system.
This causes free flight trajectories to be curved paths such that
a particle's velocity, Viis relative to the shearing field velocity, u, is a

constant. The equations-of-motion use a total x-direction force, in,
consisting of two terms
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one due to the interaction forces between the ith particle and all other
particles and one due to the shearing force field.

In typical non-equilibrium molecular-dynamics calculations of
steady-state shearing a “"constant-temperature" algorithm of some kind is
employed to remove the energy added to the system by the shearing field (see
for example Hoover 1982, or Evans 1981). In our granular material simulations
the natural energy losses due to frictional, inelastic collisions provide the
energy loss mechanism. We monitor the average translational kinetic energy in

the system

1 2 Vi

<KET> = <Z 7 m, [(in— u)® o+ vy 1>
i

as a measure of the "granular temperature" and we also determine the

cumulative average deviatoric speed of the particles,

<v> = <Jf§ - u)2 v i

X1 yi
the average rotational kinetic energy

<KE > = <=1 w2>
r o}

and the mean rotational velocity of the particles <w>.

In our first series of simulations we used a representative two-
dimensional granular material consisting of a set of 30 equal size disks 1n a
cell with a solids packing of 0.70. Each particle in the system had a
coefficient of surface friction of 0.5 and the coefficient of restitution of
interparticulate collisions was 0.80. We varied the shear rate from 1.0 to
10.0 inverse time units and obtained an almost linear dependence of the mean
deviatoric particle speed, <v>, with the shear rate, €, as shown in Figure 3.

The other measure of the mean translational speed of the particles, v2<KEy>
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was within 2% of the value for <v>. The mean scalar rotational speed, V<p?>
was within a few percent of the mean translational speed (for particles with a
radius of unity). The rotational velocities were nearly symmetrically
distributed about zero resulting in a mean (vector) rotational spin, <w>,
whose magnitude was two orders of magnitude smaller than the mean rotational
speed /253;1 Campbell and Gong [1985] have recently reported two-aimensional
calculations with perfectly rough particles in which they obtained a mean
rotation rate w approximately equal to half the shearing rate over a range

of packing fractions from 0.2 to 0.6. Our values for w are at least an

order of magnitude lower than this. They are so much smalier than the mean
scalar rotational speed /QSE; that it is difficult for us to determine with
high confidence a good correlation between <w> and strain rate at a packing
fraction of 0.70. However, we believe that the major reason for the
difference between our results and those of Campbell and Gong is due to the
more detailed nature of our tangential interactions. Campbell's tangential
interaction has a fixed value for the rotational restitution coefficient, B

= 0.0, independent of the angle of incidence or rotational speeds of the
colliding particles. The result of applying our tangential and normal force
models is a rotational restitution coefficient that depends on the ratio of
the incident tangential surface velocity to incident relative normal velocity
as shown in Figure 4, [see Granular Flow Project Quarterly Oct.-Dec. 1984 for
a definition of B]. We believe that such a model of tangential interactions
is more realistic than choosing 8 = 0.

According to the three-dimensional theory of Lun et al. [1984] for

inelastic particles without rotation, the dimensionless ratio of the shear
fof>

rate to the mean particle velocity, R = o

, where o is the particle
diameter, depends only on the coefficient of restitution and the packing

fraction, and is independent of the shear rate, €. Our two-dimensional
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results, for frictional particles including rotational effects, show a slight
decrease in this ratio with increasing shear rate as shown in Figure 5. We
have not completed enough of our planned parameters variations to determine
how R depends on packing fraction and coefficient of restitution.

In addition to velocity and energy diagnostics we also calculate the
cumulative time average of the momentum-flux-density tensor (i.e. the stress
tensor) instantaneously given by the expression,

Po= ] (- u) (- w) ]
- i J>1

.&1\]‘ Eij (8)

where the first term is a symmetric dyadic and the second dyadic term contains

antisymmetric components if the force between two particles, F is not

—ij?
parallel to the Tine joining their centers, Bjj. For short time periods, we
did find that pxy # pyx’ however, for all of our steady shearing calcula-
tions the cumulative average values of these off diagonal components of the
stress tensor were identical to within about a tenth of a percent. Our

calculations showed that the effective viscosity, (p /2¢, varies linearly

xy T Pyx)
with the strain rate as shown in Figure 6. This linear variation is
consistent with Bagnold's theoretical prediction [1954] that the shear stress
should vary as the square of the strain rate under uniform shearing
conditions. MWe also varied the packing fraction, v, from 0.5 to 0.8 for a

30 particle system undergoing steady-state shearing at a rate € = 5 inverse
time units. Over most of this range, fromv = 1.5 to v = 0.725 the

material behaved in a fluid-1ike manner producing an isotropic pressure,

Pxx = Pyy- However, at densities higher than » = 0.725 a single

shearing plane developed with the particles forming almost a perfect
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crystalline array on either side of this single shear plane. The uniform
shearing algorithm with its additional x-direction force, equation (7), did
not contribute significantly to any shearing velocity in this crystalline
region since the y-velocities were very near zero. The stress ratio pxx/pyy
exhibited a discontinuity at the transition from one region to the other
(between v = 0.725 and v = 0.75) as shown in Figure 7. Also shown in

Figure 7 is the ratio of shear to norma! stress pxy (the tangent of

Pyy
the dynamic friction angle tan ¢d) as a function of packing fraction, v.

As can be seen from this figure, the dynamic friction coefficient had a nearly
constant value of about 0.34 throughout most of the density range dropping
slightly to 0.30 when the single shearing plane developed. Note that this
dynamic friction coefficient is considerably iess than the surface friction
coefficient, y = 0,50, acting between individual particles. In the fluid-
1ike region, v < 0.725, the granular-temperature varied only a small amount
with packing fraction so that the pressure vs. packing fraction curve behaved
almost like an isotherm for an "excluded-volume" equation gas. Figure 8 shows
the calculated pressure, P = (pyx *+ pyy)/z, plotted as a function of

packing fraction for the constant shear rate - = 5. Also shown on this

figure is the graph of the empirically determined equation,

which seems to fit the calculated pressures quite well in the range of v
between 0.50 and 0.725. The precipitous drop in the pressure between v =
0.725 and 0.75 1s again due to the change in the mode of motion obtained in

the calculation, changing from near uniform shearing to a single shear plane

in a crystalline solid.
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Each component of the stress tensor behaved in a manner very similar to
the pressure as evidenced by noting the behavior of the effective viscosity,

(p )/2, as a function of the packing fraction, shown in Figure 9.

Xy ' pxy
Lunn et al [1984] predict for three-dimensional particles, and Campbell and
Gong [1985] calculate for perfectly rough, rigid, two-dimensional particles,
that the shear stress should go through a minimum and then increase again for
packing fractions below about v = 0.40. We have not done calculations at
densities below v = 0.5 so we cannot corroborate their predictions at this
time.

We also calculated and averaged separately both the kinetic and potential
parts to the stress tensor (the first and second terms in equation 8,
respectively) at each of the several different densities fromv = 0.5 to 0.8
for the fixed shear rate of € = 5.0. At the low packing fraction of 0.5 we
found that the kinetic (or inertial) term contributed almost 25% of the total
pressure and about 13% of the total shear stress. As the density was
increased the inertial contribution became a smaller and smaller part of the
total until at a density with v = 0.725 the inertial term was only 5% of the
total pressure and only 1.25% of the total shear stress with the collisional
(or potential) term dominating all elements of the stress tensor.

In order to learn about the details of the motion being calculated in this
initial parameter study, we modified our post-processing plotting routine to
generate motion-pictures of the particle positions in the primary
calculational cell and in several of the surrounding cells. These moives
helped us to identify the phase transition that took place between v = 0.725
and v = 0.75. We also ran a series of calculations at the solids packing

fraction v = 0.70 with various numbers of particles (N = 12, 30, 32, and 56)
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and in calculational cells with x to y dimensions in ratios of 1:2, 1:1, and
2:1. From these series of calculations we found that the change from
fluid-1ike behavior to a single shearing layer depends to some degree on the
size and shape of our calculational cell. Layered shearing is forced at our
periodic boundaries but uniform shearing through out the cell will occur if
there is significant vibrational energy in the system and thus vertical motion
of the particles. The rapid dissipating of energy due to inelastic,
frictional collisions limits the distance that the effects of the shearing
zone can be propagated through the granular material within each cell. We
were able to obtain either a single shearing layer or a nearly uniform
shearing behavior at a density of v = 0.70 by changing the shape of our
calculational cell. While we have not completed enough calculations to
quantify the thickness of observed "boundary layers" between shearing periodic
cells, we are modifying the basic calculational model to include real
boundaries on the top and bottom. This real boundary version of the model
will not have the artificial shearing force of equation (7) to provide uniform
shearing, but will instead, be specifically designed to study the "natural"
propagation of energy from moving boundaries into a dissipative granular
material. We plan to add additional diagnostics to determine the
distributions within the primary calculational cell of several of the
calculated quantities such as velocity, density, stress, and energy density.
These additional diagnostics will allow us to quickly detect such anomalies as
a single shearing plane without having to see movies of the particle
positions. The real boundaries, and zonal averaging we are currently adding

to this two-dimensional model will also be included in the new

three-dimensional model as it is developed.
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Summary

We have developed an incrementally-slipping friction model, patterned
af ter theoretical models of frictional contacts, that can produce realistic
non-linear friction phenomena. We have incorporated that friction force model
in our two-dimensional shearing cell model and have performed a series of
calculations of steady state shearing of a single granular material. The
shearing cell calculations have verified Bagnold's prediction that shear
stress varies as the square of the shear rate for granular solids (even in
two-dimensions). The pressure vs. volume behavior we calculate for the
granular material at a constant shear rate is quite similar to that of an
"excluded-volume" gas at constant temperature. At high densities we find that
the granular material in our constant volume calculations tends to form a
single shearing layer at the cell boundary with the material inside the cell
remaining almost like a crystaline solid. We found that the density at which
the transition from uniform shearing to single shearing layer occurs is
somewhat dependent on the size and shape of our periodic cell. We are
modifying our model to include real boundaries and averaging zones within the

calculational cell for material diagnostics.
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spring mode! mu = 5.0000e-01 e = 8.0000e-01 Kn = 1.0000e+06
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Figure 1. Tangential force vs. displacement as generated by equations (5) and

(6) for a series of ever increasing amplitude tangential
disp]aéements with constant normal force.
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Figure 2. One particle and its images in the stationary primary cell and in
the nearest moving periodic image -ells.
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Errata for Granular Flow Project - Quarterly Report Oct-Dec 84, UCID-20297-84-4

The Tabel on the horizontal axis in Figures 2 and 3 and the lower graph

in Figures 5 and 6 should read:

Normal to tangential (translational) velocity ratio, Ivnl/lvtl

Also, the world "scaled" should be eliminated from the captions on Figures 2

and 3.



